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Abstract. Higher-spin gravity in three dimensions is efficiently formulated as a 
Chern-Simons gauge-theory, typically with gauge algebra sl(N) © sl(N). The classical 
and quantum properties of the higher-spin theory depend crucially on the embedding 
] into the full gauge algebra of the si (2) sl(2) factor associated with gravity. It has 

i-Sh ■ been argued previously that non-principal embeddings do not allow for a semi-classical 

limit (large values of the central charge) consistent with unitarity. In this work we show 
1 that it is possible to circumvent these conclusions. Based upon the Feigin-Scmikhatov 

generalization of the Polyakov-Bcrshadsky algebra, we construct infinite families of 
ly-j \ unitary higher-spin gravity theories at certain rational values of the Chern-Simons level 

that allow arbitrarily large values of the central charge up to c = iV/4— 1/8 — 0(1 /TV), 
thereby confirming a recent speculation by us [T]. 



(N 



1. Introduction 



Quantum gravity is beset with conceptual and technical problems. An astucious strategy 
for progress is to eliminate as much of the technical issues as reasonably achievable. 
If successfully implemented, this strategy then allows one to tackle the interesting 
conceptual issues. This philosophy is behind many of the approaches to 3-dimensional 
quantum gravity that emerged in the past five years (see [2H30] for an incomplete 
selection of references). Indeed, considering models of 3-dimensional gravity instead 
of 4- or higher- dimensional ones leads to drastic simplifications at the technical level, 
for instance the vanishing of the Weyl tensor. And yet, the baby has not been thrown 
out with the bathwater, since 3-dimensional gravity models exhibit basically all the 
features that we care about in quantum gravity: they can produce black hole solutions, 
local graviton excitations, allow for different asymptotic backgrounds and usually are 
susceptible to holographic descriptions. As an added bonus, whenever there exists a 
dual description in terms of a quantum field theory, that theory is usually formulated 
in 2 dimensions, and there is a lot of technical control over 2-dimensional quantum field 
theories in general and conformal field theories (CFTs) in particular. 
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Despite respectable progress in the past five years, there is still no family of quantum 
gravity models with the following properties: 

• All models are topological, in the sense that there are no local degrees of freedom. 

• All models are unitary. 

• Within the family, both 0(1) and large values of the central charge are possible. 

The first property is mostly a technical simplification, following the time-honored 
strategy to search for the keys first under the lamp-post; by accident or providence they 
might be there, after all. While it cannot be ruled out that dropping this assumption 
leads to a satisfactory family of quantum gravity models (for instance in the context 
of minimal model holography pUEU]), ft is much harder to study such models on the 
gravity side. Note that Einstein gravity and higher-spin gravity obey the first property. 
There are certainly physics applications where the second property has to be dropped - 
for instance, in the context of the AdS/logarithmic CFT correspondence [6ll9|ITT | [T5 | [23] 
- but in the context of quantum gravity toy models the second property seems like a 
condicio sine qua non. The third property is crucial for physics reasons. Some of the 
interesting conceptual questions that emerge in quantum gravity have to do with the 
discrepancy between naive semi-classical expectations, like information loss, and their 
quantum resolutions. To address these issues it is necessary to be able to discuss both 
the semi-classical limit (large central charge) and the quantum limit (central charge of 
order of unity). If only infinitely large central charges are allowed, the model may miss 
subtle quantum corrections and most likely will not resolve the semi-classical puzzles. 
If only 0(1) values of the central charge are allowed, then the theory is 'ultra-quantum' 
and typically does not permit any interpretation in terms of geometric entities, like black 
hole horizons. A snapshot of part of the landscape of 3-dimensional quantum gravity 
models with the first two properties is contained in [28]. None of the models studied 
there has the third property. 

The absence of models with all the properties listed above motivates us to search for 
large classes of novel models. In this paper we consider a special class of 3-dimensional 
quantum gravity models, namely higher-spin gravity. (For general aspects of higher 
spin gravity see for instance [3TH33] and references therein. For a review with focus 
on 3-dimensional black holes see [51].) We use the gauge-theoretic formulation of 3- 
dimensional higher-spin gravity, whose bulk action can be written as the difference of 
two SL(N) Chern-Simons actions: 



We denote the Chern-Simons level by k cs . The Chern-Simons 3-form is given by 



and similarly for CS(A). For our purposes the manifold A4 is required to have cylindrical 
or solid torus topology, and the boundary cylinder /torus is the asymptotic boundary, 
so that the dual field theory (if it exists) lives either on a cylinder or on a torus. 




(1) 



CS{A) = A AdA + ^A A A A A 



(2) 
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So far, most of the work in 3- dimensional higher spin gravity employed the principal 
embedding of si (2) into sl(N). Our focus will be on non-principal embeddings, partly 
because they outclass the principal embedding by sheer number, so one may hope to 
find large classes of new interesting models. We shall explain in more detail as we go 
along what these non-principal embeddings are, and why they are of interest. For the 
moment it is sufficient to highlight a property of non-principal embeddings that casts 
a shadow of gloom on their utility as quantum gravity models (29]: All non-principal 
embeddings have a singlet factor that leads to a Kac-Moody algebra as part of the 
asymptotic symmetry algebra, 

[Jn, Jm] = K n fin+m, + • • • (3) 

where the ellipsis refers to possible non-abelian terms. Unitarity requires non-negative 
level k, since otherwise negative norm states appear in the spectrum of states. On the 
other hand, all embeddings by construction have an sl(2) factor that leads to a Virasoro 
algebra as part of the asymptotic symmetry algebra, 

[L n , L m ] = (n-m) L n+m + — n(n 2 - 1) <5 n+m , • (4) 

Unitarity requires non-negative central charge c, for the same reasons as above. The 
key observation of [29J was that k and c are not independent quantities, and that for 
large values of the central charge its sign is always opposite to the sign of k. 

sign(c) = — sign(ft) if \c\ — > oo (5) 

This argument then leads to the conclusion that semi-classical^] unitarity is impossible 
for non-principal embeddings. 

In the present paper we circumvent this conclusion and find an infinite family of 
non-principal embeddings where the central charge c and the level k have the same sign, 
and yet we can make the central charge macroscopically large. While we are not able 
to make it infinite — after all this would contradict the result (j5]) — we discover that 
the value of the central charge where unitarity is possible is bounded by N, which we 
assume to be arbitrarily large but finite. 

c < j ~ I ~ Oil/N) (6) 

When approaching the bound arbitrarily large values of the central charge are 
possible if we allow for arbitrarily large N. Moreover, depending on the level k cs certain 
rational values c = 0(1) are possible as well, thus obeying the third property above. 

This paper is organized as follows. In section [2] we review aspects of low spin 
holography (spin 2 and 3) to set the stage. We also give new results on spin 4 holography. 
In section |3] we provide motivations to study specifically non-principal embeddings and 

(2) 

present our main results that establish semi-classical unitarity for gravity. We 

derive the bound (jSJ) announced above. In section @] we conclude with an outlook to 
possible generalizations and open issues. 

1 By 'semi-classical' we always mean the limit of large central charge, as explained in section f2. II 
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2. Low spin holography 

In this section we review salient aspects of low spin holography. In section 12.11 we 
recall some problematic issues with spin 2 holography. In section 12.21 we review recent 
results on spin 3 holography in the non-principal embedding, both for AdS and non-AdS 
backgrounds. In section 1231 we present new results on spin 4 holography that generalize 
the results of section 12.21 

2.1. Spin 2 

Einstein gravity with negative cosmological constant is an interesting toy model for 
quantum gravity [2]: It is locally trivial [351 [36], nas BTZ black hole solutions [37], 
and boundary graviton excitations that fall into representations of two copies of the 
Virasoro algebra [38]. The asymptotic symmetry algebra (ASA) is the conformal algebra 
with central charges determined by the Newton constant Gn and the AdS radius £, 
c = c = 3£/(2Gn) [38] • An interesting attempt to identify the CFT dual of Einstein 
gravity [2] led to a renewed interest in this subject, and culminated in an identification 
between the (tricritical) Ising model and Einstein gravity for specific values of the 
Newton constant, Gn = 3£ (Gn = 15£/7) [28]. However, so far these are the only 
values of Newton's constant where a CFT dual for Einstein gravity could be identified, 
and both lead to a central charge smaller than unity. Therefore, there is currently no 
way to take a semi-classical limit of Einstein gravity on the CFT side. 

Perhaps these difficulties might have been anticipated; after all, the theory contains 
black holes, and it is not quite clear how all the microstates responsible for the huge 
BTZ black hole entropy can be accommodated within pure Einstein gravity at small 
values of the Newton constant. Maybe we should not be surprised that only a small 
number of states (or small values of the central charge) can arise in an AdS/CFT 
context that involves exclusively Einstein's theory on the gravity side. As we argued in 
the introduction, it is not quite clear what we can learn physics-wise from a quantum 
gravity toy model whose semi-classical limit is unknown or inaccessible. 

There seem to be two ways out. Either we get rid of the BTZ black holes, or we 
introduce more states in the gravity theory. The first option was pursued recently [39J . 
Namely, imposing Lobachevsky boundary conditions in conformal Chern-Simons gravity 
leads to a theory that has no black hole solutions, with an ASA that consists of a u(l) 
current algebra and a Virasoro algebra, just like in fl3]), fll]). Moreover, the central charge 
c has the same sign as the level k, c = 24k, which is encouraging. However, the 1-loop 
calculation remains inconclusive, and no specific field theory dual has been identified 
yet. The second, potentially more interesting option requires the introduction of field 
degrees of freedom besides the metric, like in string theory. Given that we want to 
maintain the first property in the introduction, the absence of local physical degrees 
of freedom, we need to introduce a (bulk) gauge degree of freedom for each additional 
field degree of freedom. A first step in this direction is the consideration of holographic 
duals for conformal Chern-Simons gravity [ID] , but this introduces merely one additional 
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tensorial field degree of freedom, whereas the problem with BTZ black holes mentioned 
above indicates that we need to be able to add an arbitrary number of field degrees 
of freedom. Thus, it is natural to consider higher-spin theories, since they allow an 
arbitrary number of field degrees of freedom, but nevertheless remain topological. 

2.2. Spin 3 

Principally embedded higher spin gravity in an AdS/CFT context was considered 
first by Henneaux and Rey |21J . and independently by Campoleoni, Fredenhagen, 
Pfenninger and Theisen [22]. For several purposes it is of interest to consider also non- 
principally embedded higher spin gravity, in particular since the number of non-principal 
embeddings grows with N. Another reason to consider non-principal embeddings arises 
when the desired background configuration requires the presence of a singlet |JT] , which 
exists only for non-principal embeddings^] The principal embedding has the property 
that the spins arising in the decomposition of sl(N) into sl(2) representations are 
the integers 2, 3, . . . , N, which justifies the name "spin N gravity". To simplify the 
language, we shall also refer to spin N gravity even for the non-principal embeddings, 
where the highest spin is always lower than N. In other words, spin N gravity is 
sl(N) © sl(N) Chern-Simons theory ([T]) with some specific embedding of sl(2) into 
sl(N) and suitable boundary conditions for the connections. Finding the latter can be 
an art, but there are useful guidelines available, see for instance pp. 

A simple example is provided by non-principally embedded spin 3 gravity with 
Lobachevsky boundary conditions pQ (see also [U]). Dropping all trivial fluctuations 
(those that do not contribute to the canonical boundary charges) the connections read 

A = A t = V3S A P = L A p = -L (7a) 

Ap = ~ ~ In e" + ^ (j(ip)S + G ± {^\ e" p/2 + £(<p)I-i e~ P ) (7b) 

4 fc cs 2 

A ip = -L- 1 eP+^j(<p)S (7c) 

"-CS 

Besides the si (2) generators L n and the singlet S, which are all present already 
in background quantities, the two doublets ip± 1 / 2 appear in the state-dependent 
fluctuations parametrized by various free functions of the angular coordinate </?. Their 
Fourier-components essentially constitute the generators of the ASA. 

The boundary conditions (0) lead to finite, integrable and conserved canonical 
charges that generate an ASA consisting of one copy of the Polyakov-Bershadsky 
algebra (IHJIIH] and a tt(l) current algebra. Defining k = —k cs — 3/2 and denoting 
normal ordering by ::, the ASA is given by 

\Jni Jm] = Kn ^n+m,0 = [4i Jm] (8 a ) 

2 As discussed in that paper, a singlet is needed for most non-AdS holography constructions like Lifshitz 
holography [42l|43j, Schrodinger or null warped holography [44H46] . or Lobachevsky holography [39] . 
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[Jni L m ] — nJ n+m (8b) 
[J n , G m ] = ±G^ +n (8c) 

[L n , L m ] = (n - m)L m+n + — n(n 2 - 1) S n+m>0 (8d) 
[L n , G±] = - m) G±. m (8e) 

g ^ 

— (A; + 3)L m _)_ n 

+ + l)(n - m)J m+n + 3 ^ : J m+n _ p J p : (8f) 

with the level 
the Virasoro central charge 



2A: + 3 



24 

c = 25- — -6(A; + 3) (10) 

and the central term in the G ± commutator 

A=(Jfe + l)(2fc + 3). (11) 

Non- negativity of c requires the level k to lie in the interval — | > k > — |. These 
inequalities exclude the possibility of a unitary field theory dual in the semi-classical 
limit |c| — > 00, as mentioned in the introduction. 

Another obstruction to unitarity comes from the G sector. It turns out that the 
two level 3/2 descendants of the vacuum, G_ 3 , 2 \0), lead to a Gram matrix proportional 
to A with positive and negative Eigenvalue. Therefore, generic values of the level k lead 
to positive and negative norm states, which makes the theory non-unitary. The only 
exception arises if A vanishes, in which case the G^ 1 descendants become null states. 
Thus, the number of possible values of k compatible with unitarity is reduced to two 
values, k — — 1 and k = —3/2. The latter leads to a trivial (c = 0) theory, the former 
to a rather simple one (c = 1). 

The unitarity analysis above applies also to AdS holography in the non-principal 
embedding, where the ASA consists of two copies of the Polyakov-Bershadsky algebra 
(see [501 [51]). I n summary, the non-principal embedding of spin 3 gravity provides 
a fairly modest step towards semi-classicality as compared to Einstein gravity: The 
central charge no longer has to be smaller than one, but can be equal to one. To decide 
whether this trend continues and eventually allows macroscopically large values of the 
central charge we have to consider spin iV gravity with larger values of N. Our next 
step is to consider non-principal embeddings of spin 4 gravity. 

2.3. Spin 4 

Spin 4 gravity is the lowest spin gravity model where several qualitatively different non- 
principal embeddings exist (see jJTJ[52] for explicit results). The 2-1-1 embedding has 
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four singlets and thus can lead to non-abelian current algebras as subalgebras of the 
ASA; in addition it has four doublets. The 2-2 embedding has four spin 2 excitations 
and three singlets. Finally, the 3-1 embedding (or "next-to-principal embedding") is 
the simplest non-principal embedding where a spin higher than 2 arises. We focus here 
on the 2-1-1 and 3-1 embeddings, since they are the closest analogs of the spin 3 non- 
principal embedding. Our goal is to investigate whether there are more possibilities to 
obtain unitary models than in the Polyakov-Bershadsky case. 



2-1-1 embedding In analogy to the case of the non-principal embedding of sZ(2) 
si (3), in the 2-1-1 embedding of s/(4) the unbarred asymptotic symmetry algebra is 
independent of whether we consider AdS or Lobachevsky boundary conditions, while 
the barred sector will either be identical to the unbarred sector or simply an su(2) ©m(1) 
current algebra, respectively. Therefore, in what follows, we will only consider the 
unbarred sector. Once again, dropping all trivial fluctuations, the connection is given 
by 

A t = A p = L (12a) 

A* = L ie p + (j{<p)S + J a (v)S a + G a \v)r\e- p/2 + C{<p)L-!e- p ) . 

CS o=-l,0,l a,b=± 

(12b) 

The generators S, S a , ijj^ and L n refer to the w(l) singlet, su(2) singlet, four doublets 
and the gravity triplet, respectively. These boundary conditions lead to finite, integrable, 
and conserved canonical charges generating an ASA whose non-vanishing commutators 
are given by^ 

[4i Jm] = Kn $n+m., (13a) 

[Jni L m \ = nJ n+m (13b) 

[J„, G^] = ±G£+ m (13c) 

[Jni J b J = (a - &)-C£» + « 2 (1 - 3a>5 fl+M 5 n+m , (13d) 

[J n i Lm] = nJn+m (13e) 

[Jni ^m, a ] = i^n+m = — 2 G^"] (13f ) 

[L ni L m ] = (n - m)L n+m + -^n(n 2 - 1) S m+Tl)0 (13g) 
[Ln,G%\ = (--m)G* m (13h) 

[Gn^i ^m T ] = ~kcs( m ~ n)Jm+n "F : {Jm+n-pJp + Jm+n-pJp) '■ (13i) 



3 It is also possible to consider a looser set of boundary conditions. Such boundary conditions lead to 
a slightly larger set of finite, integrable, conserved charges. 
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G m ] = X (n 2 — -) S m+rit0 
+ (k cs - 2)L n+m + (fc cs + l)(m - n)J m+n - k cs (m - n)J^ +n 

+ ^ ] : (y2^rn+n-pJp ~ Jm+n-pJp ~ J m + n - p Jp + ^ ] (2 — 3d )J m+n _ p J p ^ '■ (13j) 

a+fe=0 



-fces , (14) 



with u(l) level 

sw(2) central extension^ 

the Virasoro central charge 



^ CS ^ /,r\ 

K 2 = z — , (15) 



3(/c cs + 2)(2£; c 



(16) 



fc cs 2 

and the central term in the G ab commutator 

A = k cs (k cs + 1) . (17) 

Searching for unitary representations of the ASA, non- negativity of the Virasoro 
central charge c forces the level to lie within the region —2 < A; cs < — ~. Once again 
the strictest requirement comes from the fact that the G_t and descendants of the 

2 2 

vacuum have opposite norm and therefore must be null, forcing k cs — — 1. At the one 
unitary value of k cs , the su(2) level also vanishes, leaving just the simple theory of a 
single u(l) current algebra with Virasoro central charge c = 1. 

(2) 

3-1 embedding — W± gravity This case is quite analog to the spin 3 non-principal 
embedding, so we restrict ourselves to presenting the main results. We denote the 
generators corresponding to the singlet, gravity triplet, two triplets and spin 3 generators 
by S, L n , and W n , respectively. Feeding the boundary conditions 

A = A t = a/2/ tr(S 2 ) S A p = L A p = -L (18a) 

A v = l/^tr^L^)] L ie ^ + ^ (j(<p)S + Q ± (^ 1 e~ p 

+ £(<p)L_ l e- p + W(<p)W_ 2 e- 2p ) (18b) 

A^ = -L_ 1 e p + — j(<p)S (18c) 

"-CS 

into the algorithm described in pQ eventually leads to the following quantum ASA 

[Jn, Jm] = Kn6 n+rri: o (19a) 

[L n , L m ] = (n - m)L m+n + — n(n 2 - 1) <5„ +m , (19b) 

[G+ G m ] = A 1 n(n 2 - 1) 5„ +m ,o + . . . (19c) 

4 The su(2) central term in (|13d|) can be brought into the standard form by a change of basis of the 
su(2) generators J a . 
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We have provided only commutators with non-trivial central terms. The ellipsis in the 
last commutator refers to terms that are known but irrelevant for our discussion of 
unitarity. A more complete set of commutators is provided in ( 123]) below. Note that 
the commutators between the spin 3 generators, [W n , W m ], also contain a central term. 
However, for no n- vanishing k this term is proportional to c — 1, and thus conveys no 
new information. The subtraction of 1 comes from the Sugawara shift of the Virasoro 
generators, i.e., the total Virasoro central charge consists of a 'bare' part c — 1 and a 
Sugawara part of 1. The central term appearing in the spin 3 commutator is proportional 
to the bare central charge. For vanishing k there is no Sugawara shift and all central 
terms vanish, k = c = A = 0. 

We provide now the results for the central terms in the ASA (1191) . Defining 
k — k cs the u(l) level is given by 



the Virasoro central charge by 



~k + 2 (20) 



(3A; + 8)(8fc + 17) 



k + 4 

and the central term in the G ± commutator by 

\ = (k + 2) (2k + 5)(3fc + 8) . (22) 



3 



Taking into account all unitarity constraints leads to two solutions for the level, k = — 
leading to k = c = A = 0, and k = — |, leading to k = |, c = 1 and A = 0. Thus, there 
is no additional unitary solution as compared to section 12.21 

Nevertheless, it is encouraging that the strictest condition on unitarity, A = 0, has 
one additional solution as compared to the spin 3 case. We show in the next section that 
this trend continues and allows one to find unitary models for arbitrarily large values of 
the central charge, provided we make the spin high enough. 



3. Non-principal holography for arbitrary spin 

In this section we derive our main results. In section 13.11 we describe our aim and how 
we intend to achieve it. In section I3~2l we focus on gravity, based upon the Feigin- 
Semikhatov [53] generalization of the Polyakov-Bershadsky algebra. In section 13.31 we 
discuss the necessary conditions for unitarity in the semi-classical limit. In section [331 
we give a physical interpretation of our results. In section 13.51 we provide AdS and 
Lobachevsky boundary conditions that lead to the desired ASA. 



3.1. What to aim for 

Non-principal embeddings are required for typical non-AdS holography applications, 
but they could also be useful for AdS holography. For instance, the higher spin cases in 
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the principal embedding studied in [25] all have central charges of order of unity, and it 
is not clear if there are consistent examples of principally embedded higher spin gravity 
models for arbitrary values of the central charge. Perhaps some of the non-principal 
embeddings provide useful models with the desired properties. Before speculating about 
such applications, however, we have to deal with (no n-) unitarity in the semi-classical 
limit. We have seen above that the naive semi-classical limit, \c\ — > oo, always leads to 
non- unitarity (as observed first in [29]), but this does not rule out the possibility of more 
sophisticated semi-classical limits. We follow here a somewhat optimistic suggestion in 
our earlier paper [1] and show in the rest of this section that the optimism was justified. 

Namely, suppose that we are given an arbitrarily large value of the Virasoro central 
charge c and are forced to find a non-principal embedding that leads to this central 
charge, but without violating unitarity. If we are able to succeed then we have basically 
met our goal described in the introduction — namely, a family of topological models 
that are unitary and allow for 0(1) as well as arbitrarily large values of the central 
charge. The only logical possibility to succeed is to allow for arbitrary values of the spin 
N, since for every given value of iV there will be a value of the central charge that is 
too large to be compatible with unitarity. 

Thus, what we are aiming for is an infinite family of spin N gravity models in 
some non-principal embedding, where the central charge grows in some way with N and 
compatibility with unitarity can be achieved. 

3.2. gravity 

We consider the next-to-principal embedding of sl(2) into sl(N) [the (N — 1)-1 

(2) 

embedding] and call the ensuing theory gravity. By 'next-to-principal' we mean 
that there occur all integer spins up to (including) N — 1, but not spin N. In addition, 
there is always a pair of spin N/2 fields and a singlet. The counting works, since 
N 2 - 1 = (N - l) 2 - 1 + 2(N - 1) + 1. The simplest case, N = 3, leads to the Polyakov- 
Bershadsky algebra (J8J), with a spin 2 field, two spin 3/2 fields and the spin 1 current 

(2) 

associated with the singlet. The next-simplest case, N = 4, leads to the W 4 algebra 
encountered in section 12.31 for the 3-1 embedding, with a spin 2 and spin 3 field, two 
additional spin 2 fields and again the spin 1 current associated with the singlet. 

Since we are interested in unitarity, we work directly on the field theory side for the 
time being and study the expected quantum ASA, but we do not bother with boundary 
conditions on the gravity side until section 13.51 The expected quantum ASA for AdS 
(Lobachevsky) holography consists of two copies (a w(l) current algebra and one copy) 
of the algebra, introduced by Feigin and Semikhatov [53] . 

One of the abstract algebraic constructions of P^-algebras associated with certain 
affine algebras g is roughly as follows. Consider the quantum algebra U q {o) and its 
centralizer A in the algebra of local operators. Then A is a vertex algebra associated 
with the symmetries of the conformal field theory associated with the corresponding 
root system and is called W^-algebra [54TI56] . The focus in [53] is on the sequence of 
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algebras wffi generated by two currents of dimension y. The leading term in their 
operator product expansion starts with an N th order pole representing a central term. 
The most familiar and simplest member of this sequence is the Polyakov-Bershadsky 

(2) (2) 

algebra. The authors present an explicit construction of the W N algebra as a 
centralizer of the screenings representing the nilpotent subalgebra of U q (sl(N\Vj\ . The 
construction allows them to obtain the explicit form of the central charges, which is 
crucial for our considerations. A little bit less abstract way to look at the algebra is as a 
Drinfeld-Sokolov reduction of a non-principal embedding of the si (2) algebra in sl(N) 
- in this particular principal embedding of si (2) in sl(N — 1) C sl(N). 

We review now the most relevant aspects of the algebra W\, [53] , which depends 



N 

on the parameter N and a level k [not to be confused with the Chern-Simons level in 

©]• 

[J n , Jm] = K,n5 n+m , (23a) 

[4i L m ] = nJ n+m (23b) 

[J n , G m ] = ±G m+n (23c) 

[L n , L m ] = (n - m)L m+n + — n{n 2 - 1) 5 n+m , (23d) 

[L n , G±] = (n(f - I) - m) G? l+m (23e) 
[Gt, G-]=\f(n)5 n+rn , + ... (23f) 
[W l n , anything] = . . . (23g) 

The commutators with current algebra generators J n , Virasoro generators L n and the 
pair of generators G^ contain central terms whose precise form is crucial. By contrast, 
the commutators involving higher spin generators W l n [with I — 3,4, ... , (N — 1)] do not 
contain pivotal information, since their central charge is determined by the Virasoro 
central charge and is positive if the latter is bigger than unity. The u(l) level is given 
by 

N - 1 

k = k + N - 2 (24) 

the Virasoro central charge by 

((N + k)(N - 1) - N) ((N + k)(N- 2)N - N 2 + l) 
C ~ N + k 

and the central term in the G ± commutator by 

N-l 



(25) 



A = ] [ (m(N + k - 1) - 1) (26) 



m=l 



while f(n) oc n^!f-(Ar/2-i)( n + 3)i so ^ e 2-point correlator takes the form 

(G + (z)G~(0)) = X/z N + .. . e.g., for the Polyakov-Bershadsky algebra © f(n) = y - | 
and for the algebra fll9p f(n) = ^n(n 2 — 1). For N = 3 (N = 4) we recover from 
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the formulas above the results from section |2~21 (section 12. 3\ 3-1 embedding). Before 
proceeding let us note that for each value of the level k there exists a dual value k that 
leads to the same expression for the central charge ( 132]) . 

i= N + l_l__ N 

N-2 N+k V ; 

The duality is involutive (as it must be), k = k. 

We assume from now on that N is at least 3, and intend to take the limit of large 
(but finite) N. For this purpose it turns out to be useful to parametrize the level k in 
terms of a constant a, defined by 

k = -N + l + p-^. (28) 

The duality ( l2"7j) acts on the parameter a as follows. 

N(N(l-a) + 2a-l)+l , , , 

* = [ (N-2)(N + a ) =l-" + OT W 

As N tends to large positive values, the level k approaches large negative values for 
a ~ 0(1), but in such a way that the sum of N + k remains close to unity. Interestingly, 
the subleading term containing a in the definition (1281) will play a crucial role in the 
discussion of unitarity. 

3.3. Semi- classical unitarity 

Inserting the parametrization ([28]) into the result for the u(l) level (12^1) yields 

a 

- = Jf (30) 
Non-negativity of k imposes a first restriction on the parameter a, 

0<a (31) 
A stronger constraint on a comes from the central charge (125]) . which reads 



oo 

c = a{l-a)N + a{a 2 + a-l)-22(l + a) 2 (l-a)[-—) . (32) 



m=l 



Positivity of the central charge restricts a to the following interval. 

0£Q ^^W^2T (33) 

In the large iV limit a is then essentially restricted to the interval [0, 1]. The inequalities 
(133]) and (J31]) are compatible with each other. Therefore, non-negativity of the u(l) level 
is not at odds with non-negativity of the central charge. Moreover, the central charge 
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c 




Figure 1. Virasoro central charge c as function of the parameter a for N = 101. Red 
solid curve allowed by positivity. Blue dots allowed by unitarity. 



( 132]) scales linearly with N, and thus can get arbitrarily large if we allow arbitrarily 
large spins, see Fig. [1] where c is plotted for N = 101. These are encouraging results. 

However, a huge obstacle remains. As in the W 3 (2) case studied in [1] , the G ± sector 
generically leads to positive and negative norm states. The only exceptions arise again 
for vanishing central term A from ( )26l) . since in this case the G ± sector yields null states. 
Requiring A to vanish establishes a polynomial equation for a of degree N — 1: 

m=l 

So there are N — 1 solutions for a compatible with vanishing A. 

r 1 2 N-4 N-3 i , , 

A = „ ae {„,_,_,...,_, _, N-2} (35) 

All of them are real and non- negative, but not all of them obey the inequalities 033p . 
Selecting those a from (1351) that obey the inequalities (133!) leads to (N + 1)/2 solutions 
solutions) for odd (even) N. In conclusion, we obtain the following lists of allowed 
rational values for a: 

( o ^ 2 - M M M i at dd 

n — ) ' iV-2' JV-3' AT-4' iV+5' AT+3 ' AT+1 ' 1 iv uuu /qc\ 

^ 2 - 3 — N^8 N^6 1 _2_ N 

{ u ' JV-2' AT-3' AT-4' AT+6 ' ' ^+2' ^ N Jv cvcli 

For each a in these lists the u(l) level (1301) and the Virasoro central charge (I3"2"l) are 
non-negative, and the G 1 * 1 descendants of the vacuum are all null states. Moreover, 
for non-vanishing c the inequality c > 1 holds. Since the central terms appearing in 
the W l part of the algebra are all proportional to c — 1 (with positive proportionality 
constant) also these central terms are always non-negative. Thus, we can have unitary 
representations of the ASA ( 123]) for precisely the values of a appearing in ( 1361) . 
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3.4- Physical discussion 

We provide now a physical discussion in terms of the u(l) level k ( |30l) and the Virasoro 
central charge c ( 1321) . As we continue forward in our list ( |36l) the allowed values of a 
are given by 

N 

a = s N e N, iV > 2iV + 1 . (37 

N-N-l 

Defining m := N — 2N — 1 the central charge fl25|) simplifies to 



c(A> m) - 1 = (N - 1) f 1 N ( N + jj \ , 3g ) 

V ; V ( m + AT)( m + AT + 1)7 

Thus, we obtain for the central charge ( )38|) the values of the W^-minimal models (see 
e.g. [57]), shifted by 1 from the u(l) current algebra. For N = 2 and arbitrary m the 
values of the Virasoro minimal models are obtained for the bare central charge c — 1. 
For instance, spin 6 gravity with a — | leads to c — 1 = |, i.e., the bare central charge 
equals to the one of the Ising model. 

For further discussion we divide the spectrum of allowed values of a (I36I) into three 
regimes, a quantum regime for small values of a, a semi-classical regime for generic 
values of a in the interval (0, 1) and a "dual" quantum regime for values of a close to 
unity. By 'dual' we refer to the fact that the duality (1291) maps values of a close to zero 
to values of at close to unity. Note, however, that the duality does not necessarily map 
values of a at the beginning of the lists (1361) to values of a at the end of the lists, but 
instead can lead to values of a not contained in these lists. 



Quantum regime We start with the strong coupling limit on the gravity side. This 
means we choose the Chern-Simons level k cs as small as possible, which implies that 
we should choose the smallest possible values of a. The value a = always is possible 
and trivial. It corresponds to k = c = 0, and the only state in the theory is the 
vacuum. The next possible value is a = l/(A r — 2), leading to a small value for the 
u(l) level, k ~ 0(1/N 2 ), and unity central charge, c = 1. In this case not only the G^ 1 
sector decouples, but also the W l sector. The dual field theory consists of a free boson, 
just like in the Polyakov-Bershadsky case pQ. These first examples confirm the general 
belief that quantum gravity in the ultra-quantum limit might be dual to a very simple 
field theory. In the quantum regime at large iV the central charge takes values close to 
integers, c = 0, 1, 2 - 0(1/N 2 ), . . . 

Semi- classical regime If we make the coupling constant weaker we eventually approach 
the semi-classical regime, in which the central charge becomes proportional to iV and 
has a quasi-continuous spacing. We are interested specifically in the region where the 
central charge is close to its maximum value, corresponding to m ~ ~iV in ( |35|) or a ~ \. 
We parametrize the integer m as m = |(iV — 1 + no) + n±, where n\ is some varying 
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integer with absolute value much smaller than N and no G {0, 1, 2} is fixed so that m 
is an integer [more precisely, n = (2N + 1) mod 3]. This parametrization yields 

1 3(3ri! - 2n ) 

a= 2 + In • (39) 

The central charge (125]) simplifies to 

c(m) = j - I - ^ + 0(1/N 2 ) (40) 

with 5c = 9(9nl — 3(4n + l)ni + 4nQ + 2n — 1)/16. The maximum of the continuous 
curve c (see e.g. figure d]) is never reached, but for large iV one can get arbitrarily close 
to it, provided n\ is a small integer. The result (j4"U|) proves the bound ([6]) announced in 
the introduction. 

Other semi-classical regimes can be obtained for m = ~(N — 1 + Uq) + ni, with some 
co-prime integers p and q so that \ < - < 1, a suitable choice for n G {0, 1, . . . , q — 1} 
and some varying integer ri\ with absolute value much smaller than N. In those regimes 
the central charge scales as 

c(m; f ) = (2 - J)(J - 1) AT + 5c + C(1/JV) . (41) 
with 5c = {2m + 1)£ - (3/1! - 2n + 2) J - 3n J + 1. 

Dual quantum regime As we keep decreasing the coupling constant, we eventually 
surpass the maximal value of the central charge and come back to smaller values of c, 
until we finally reach again values of order of unity, c ~ 0(1). This is the behavior 
expected from the duality ff29l) . However, the dual quantum regime differs in its detail 
from the the quantum regime discussed above. Even assuming that is large, we have 
to discriminate between even and odd values of N, as expected from the lists (|36|) . Let 
us start by assuming A^ is odd. Then the allowed values for a are given by 

N-2m-\ 

a = iV»mGN. (42) 

The central charge (l25l) simplifies to 

c(m) = 1 + Am - Oil /N) N odd (43) 

Explicitly, we obtain the values c = 1, 5, 9, . . . up to 0(1/N) corrections. For even 
values of A^ we proceed in a similar way, choosing a = (N — 2m — 2)/{N + 2m). The 
central charge (j25p simplifies to 

c(m) = 3 + 4m - 0(1/N) N even (44) 

Explicitly, we obtain the values c = 3, 7, 11, . . . up to 0(1/ N) corrections. 

Thus, in both cases the dual quantum regime leads to a central charge with level 
spacing of four to leading order in a 1/N expansion. This implies that in the large A^ 
limit only a quarter of the quantum regime levels gets mapped to corresponding levels 
in the dual quantum regime. 
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3.5. AdS and Lobachevsky boundary conditions 

We leave now the field theory side and discuss some aspects on the gravity side. We 
start with Lobachevsky boundary conditions generalizing the ones displayed in ([7]). 



A = A t = ^2/tx(S 2 )S A P = L A p = -L (45a) 

A v = l/[4tr(L 1 L_ 1 )] L x <? + — {j{<p)S + G ± (^t N/2+1 e^ 2 " 1 ^ 

^cs 

N-l 

+ C{<p)L- X e- p + WMW-m+i e^ m ~ 1)p ) (45b) 

m=3 

2ir - 

A^ = -L^e p + — J(ip)S (45c) 

^CS 

The generators S, L n , ip^ and W™ refer to the singlet, gravity triplet, the two (N — 1)- 
plets and the spin m generators, respectively. A standard way to construct the 
metric from the "zuvielbein" A — A is by taking the trace of its square, g^ = 
| tr[(A — A)n(A — A) u ]. Plugging into this definition the asymptotic connections (145]) 
yields the asymptotic Lobachevsky line-element 

ds 2 = 2 tr(L ) 2 dp 2 + dt 2 + (J e 2p + 0(1)) dy? 2 + 0(1) dt dtp . (46) 

Following the algorithm outlined in [T| with the boundary conditions above leads to 
the algebra discussed in section IH7H times another u(l) current algebra with level 
k (1501) as quantum ASA. The current algebra part within the Wjp algebra reads 

[J n , Jm] = - tr(S 2 ) k cs 5 n+mt o . (47) 

Comparing with ( I23al) relates the level u(l) level k with the Chern-Simons level fc cs . 

K=-ti(S 2 )k cs (48) 

In order to compute tr(5* 2 ) we use the following definition of the Killing form, 
Kab = f d ac f c bd, where f d ac are the structure constants, and normalize it such that the 
metric of the si (2) part is 



/ -l\ 

1/2 
[-10 o) 



(49) 

ab 



tr(L a L b ) = J z (N)~ l K ab 
Using the general commutator with a field 4>£ of weight h, [L , (pA = —£(f>£, yields 

l^^Ze+f £ e = »v-w-*) (50, 



6 

N_ h=2 £=-h+l 

' 2 +i 
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On the other hand, using the commutator [S, ip^} = ±^ we have K$s — 2(iV — 1). So 
we conclude tr(S' 2 ) = jF{N)~ x Kss = Q/[N 2 (N — 2)]. The relation between k C s and a 
by virtue of (jlgjl. (13"0) and (137} finally yields 

N(N-2) N(N — 2) A> , . 

fc cs = a = — — • 51 

6 N-N-l 6 1 ; 

Let us briefly comment on the sign in (l5Tj) : Since a > the Chern-Simons level 
is non-positive, which could easily be switched into non-negative by a parity flip or by 
exchanging A -f->- A in <^j, so there is nothing profound about this sign. The signs 
that matter are the ones we checked in section 13.31 The result ( l5Tl) implies that the 
Chern-Simons level, whenever it is non- vanishing, is always large in the large N limit. 
In the quantum regime it scales like k cs oc N, while in the semi-classical and the dual 
quantum regime it scales like k cs oc iV 2 . Therefore, even in the quantum regimes the 
saddle-point approximation in path-integral evaluations on the gravity side might be 
trustworthy. This is quite different from the situation encountered in |28j . 

AdS boundary conditions can be extracted from (|45l) as well, just by replacing the 
boundary condition for A by an expression analog to A. This leads to two copies of the 
W^f algebra discussed in section 13.21 as quantum ASA. Thus, it is possible to obtain 
unitary AdS holography at large central charge for the next-to-principal embedding. 



4. Conclusions 



We have shown by explicit construction that 3-dimensional higher spin gravity with a 
specific non-principal embedding of si (2) into sl(N) can lead to unitary models with 
arbitrarily large central charges for certain rational values of the Chern-Simons level k cs 
in (CQ). While for each given N there is a unitarity bound (EJ) on the central charge, we 
can obtain macroscopically large values of the central charge by allowing very large but 
finite values of N. In this sense, semi-classicality is not at odds with unitarity, thereby 
circumventing the no-go result of [29] . 

An interesting feature that we observed is the behavior of the central charge c as 
a function of the Chern-Simons level k cs . The allowed values of c — 1 ( 1381) coincide 
precisely with the values of the central charge in the H^y-minimal models, where N 
depends on k cs as given in ( IBTT) . For the smallest values possible for k cs we are in 
a quantum regime with an almost integer central charge, c = 0, 1, 2 — 0(1/N 2 ), . . . 
As we increase the Chern-Simons level the theory gets more and more semi-classical, 
eventually coming close to saturating the bound ([6]) for the central charge. In this semi- 
classical regime the allowed values of the Chern-Simons level are so close to each other 
that the central charge becomes a quasi-continuous parameter. As we keep increasing 
the Chern-Simons level, at some point the central charge turns around, as in figure HJ 
and approaches ultimately a dual quantum regime, in which the level spacing of the 
central charge is 4 + 0(1/N). The endpoint in the dual quantum regime is c = 1 
[c = 3 — 0(1/N)] if is odd [even]. In conclusion, 3-dimensional higher-spin gravity 
for non-principal embeddings can lead to novel unitary toy models for quantum gravity. 
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We close with a list of open issues. Our discussion was purely algebraical and 
focused on unitarity, with no attempt to consider partition functions or additional 
consistency requirements, like modular invariance. It would be interesting to generalize 
the discussion of [28] to gravity to verify how many of such models survive these 
checks. A key difference to their analysis is that our case leads to a discrete (but 
arbitrarily large) set of allowed values for the Chern-Simons level k cs and the central 
charge c. This is quite different from the situation in the principal embedding or Einstein 
gravity, where unitarity alone does not restrict the coupling constant in any way. A 
continuous coupling constant leads to a continuous central charge, and is thus at odds 
with the Zamolodchikov c-theorem [5H]. By contrast, even if there were no additional 
consistency requirements leading to further restrictions of the coupling constant, in our 
case there is no obvious violation of the Zamolodchikov c-theorem. 

At generic N we considered exclusively the next-to-principal embedding. There are 
plenty of other non-principal embeddings. It could be interesting to classify this zoo 
and to establish which of them are compatible with unitarity and thus candidates for 
interesting quantum gravity models, or at least to find other infinite families of models 
compatible with semi-classical unitarity in the spirit of the present work. 

It also seems likely that it is possible to construct a unitary theory by taking a 
scaling limit iV — > oo with a fixed. If we restrict ourselves to considering only unitary 
representations of taking the large N limit of the W 9 (sZ(iV|l)) construction results 
in a theory that matches the bosonic sector of the M = 1 supersymmetric extension of 
the hs(X) theory, with integer spins ranging from 1 to oo. 
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